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ABSTRACT (S)

A / /
A theoretical analysis is made of =z pashqﬁgt ?é;sing‘s&stem con-
taining photosensitive elements. For such a system to be highly
effective the trajectory of a target missile must be known with a
considerable degree of accuracy. Several methodes for determining the
trajectory are analyzed. Special cases of these methods are used to
obtain simple formulas, to be solved by an electronic computer, for
the firing-time Tf and the firing-position Yf of shaped-charges, the

Jets of which render the target nor.lethal. An error analysis is made,
which, in effect, extends the analysis from an ideal to an actual

sensing system. Resclving ability of the system 1: discussed. Various
cyrpangencents of the . vater to provide special protective features

are considered \
1. INTRODUCTION

For the automatic defense of armored fortifications, vehicles.A
and vessels, such as bunkers, tanks, landing craft, etc., of which
the armor provided is not sufficlent to resist the lethal power of a

- renge of target missiles, a Dash-Dot Sensing System has tcen proposed.

Throughout the report, when the word "target” is used it will refer to
the missile that is to be intercepted. In general, this system consists
of an arrangement of photosensitive elements or photo-detectors and
shaped-charges togeth~r with an electronic computer. Regarding the
activation of the detectors, the system may be active or passive as
suits the intended use. The active system is cne in which the reglons
observed by the detectors are illuminated by light sources contained
within the system. 1In the passive system, the illumination is provided
by external sources, e.g., the sun, atmospheric scattering of sunlight,

luminous targets, etc.

To indicate the purpose of each part of the system, 1t 1s desirable
to consider the system in operation. The target is assumed to be
traversing & rectilinear trajectory at uniform speed. The times of
pussuge of a sequence of detectors and the positions of these detectors
are obscrved. This information is transmitted to an electronic com-
puter. The computer calculutes the shaped-charge firing-time Tf and

firing-position Yf, 50 that the shaped-charge jet can render the target
nonlethal. .

The primary purpose of tais report is to obtain formulas for the
firing-time Tf and the firing-position Yf of a shaped-~charge in forms

which can be quickly solved by an electronic computer. A second purpose
1s to determine the simplest arrangement of detectors that will provide
the necessary and sufficient Information required by the computer. A
third purpose is to give groupinge of these simple arrangements which
will provide special protective features. Experimental work on the
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Dagh=Dut ey HSystem invelving reoults obtwined in thilv report,
hae been repovted by L, Melamed, H. W. Otraub, R. R. Ulrig¢h in
DOFL Report TR-470, "A Sensing Oystem for Dush-Dot," 1 Sept 1957.

In thlc theoretficul report, tollowing a description of the
general detcector and dhapedecharge arrangements, and the operation
of the system, a muthomtlicud anslysis lo mule, deriving the shuped-
churge firing-time Tr and the firing-position Yf. Mext an analysis

v plven for gpeciul cuses ol the system. Following thisc wii error
wnelysio io made of the speclul cuses which, 1 effect, anounts to
an extencion of the wunalyels of wn ldeal system to uh actuml one.
Next o short digression ls muade concerning the resolving nbillity of
the syutem with respect to severul misuslles. Flnally variolu
groupilngs of the system to proviie speclul protective Tewlures, vuch
uy detvhse of cornero, wallo und surfuces; detense of the detectors
und the shaped-charges; and ole., are considered,
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: 2. DESCRIPTION OF ARMAMENT AKD DETECTOR OF A
- DASH-DOT SENSING SYSTEM >

; To assist in describing the armament and the detectors.of e

i Dash-Dot Sensing System, which may be used for the defense of forti-

! fications, vehiclec,and vessels, e.g.; bunkers, tanks la. jing-craft,
etc., consider a schemati» of such illustrated in Figure l. Assume
that & side of the armored device is represented by. the wall W.

Making an angle O with the wall is a flat imaginary surface S; the
value of the angle 8@ is arbitrary or may depend on a special &arrange-
ment of the system as considered in sectiom 6. The armament consists
of a row of equally spaced shaped-charges, in a straight 1ipe, 0Y, sit-
uated in the surface S. The row which may be attached to out-riggers,
not shown in Figure 1, is in general, parallel tc the wall W and may be
some distance b from it. The length of the row will depend upon the
emcunt of protection required; in many cases, it may extend from one
end of the wall to the other or beyond. The axes of the shaped-
charges in a row are parallel toc each other and make an angle ¢k with
a normal nh This normal lies in &« plane determined by the axes of
the shaped-charges and is perpendicular to the straight line 0Y, that
is formed by the row. The plane, as thus determined, is referred to
as the shaped-charge or B-fence, and it makes an angle B with a normal
to the sur-face S.

Attached to out-riggers (not shown in Figure 1) are several rows
in the surface S of equally spaced photosensitive detectors. These
rows are parallel to that of the shaped-charges. In general, there
need be, at most, only four rows of detectorc located at various dis-
tances fram the shaped-charges. The distance of the row farthest from
the shaped-charges is designated as g,; the distance of the next or
second farthest as 615 for the third row, s,; and the distance of the
fourth and nearest row as s=z. Each detector is so designed that it
views a resiricted region of space, e.g., a cylindrical region coaxial
with the axis of the detector. As with the armement, the cxes of
the detectors in each row are parallel to each other and make an angle

¢n with a normsl B . These normals lie in planes determined by the
axes of the detectors and are perpendicular to the straight lines which
are formed by the rows. In the first row ¢n = ¢o; in the second row,

h = ¢l; etc. In general, the §'s have different values; restrictions
on their values are derived in section 3, which is devoted to the math-
ematical analysis. The planes.determined by the detector axes are
referred to a8 the detector fences, and they make various angles a, with
the normal f to the surface S.

With respect to light sources, the system may be passive c- active.
] In the passive system, theﬁilluﬁination, the interception of which gives
rise to electri~ul impulses by the detectors, is provided by sources ex-

ternal to the system, such as sunlight, luminous missiles, etc. For
the active system, the illumination is provided by the system. The

11lumination 1s obtalned from the most suitable arrangement. This ma,
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be flood-lighting of the regions observed by the detectors,
by strip-lighting to illumirate only individual rows of the
observed regions, or by illuminating the individual detector
observation regions by light- sources concom*tant with the
detectors.

When operating, the system detects in succession the
passage of the different detector fences by a'target approach-
ing the point P of the wall V. The time of activation and the
position of thz2 detectors activated in each fence are fed to »
computer. As shown in the various figures, the trajectory ~.f
the target is intersected by the lines of observation of *ue
detectors in the different rows. In actuality, this ‘s an
ideal, but possibly, rare situation. But for theoretical purposes
it will be assumed that whenever the target crosses a detector fence,
its longitudinal position in the fence is known, Jjust es if a detector
had been in the correct positisa to observe the pacsage. The fact
that a detector is not correctly situated is considered in scction 4.
Upon receiving the information from the detectors the computer pre-
ilcts the firing-time T, and the firing-position Y, of the appropriate

shaped-charges. Thus when the target crosses the shaped-charge fence
B, it is intercepted by 'nigh+velocity metal Jets from the appropriate
shaped -charges. This interception renders the target =nonlethal to

the armored device.

In the analysis of the Dash-Dot Sensing System, it is shown that
under certain conditions, the system reduces to certain special cases.
Three of these cases are schematically illustrated in Figures 2a, 2b,
and 2c. The first of these cases, Figure 2a, arises from assuming
that all target trajectories are paraLlel o the surface 5, that ¢

=0, = ¢y = O, and that @y = ap = B.  Undzr these 3551mptions,
the aj-fence is not neeced. For the second case, Figure 2b, all sim-
ilar angles are made :umerically equal, that is, $ = $
'¢3’ mh = 1, and ag = =0p = 0z = 8. Under these cond}tions 8g
can be made equal to sy, and 8o made equal to s83. With the third
case, Figure Zc, W4 is taken equal to zero, while all the other angles
remain the same as in the second case. In the second and third cases,
the detectors, instead of consisting of two separate rows in each fence,
can now be made to consist of one row, but with each detector observing
in the two directions +$ and -¢
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3. MATHEMATICAL ANALYSIS OF A DASH-DOT SENSING SYSTEM

3.1 Problzms “0 be Solved

In this aralysis of a Dash-Dut Sensing System, there nre, in
general, two problems tc be solved. One problem is to determine the
firing-position Yf of the appropriate shaped-charge, and the other is

to determine the firing-time 7., of that charge, s0 that its jet may
intercept the target when crossing the shaped-churge jet or B-fence.

It is desired to obtain the equations or formulas to these two problems
in forms suitable for rapid solving by an electronic computer.

3.2 Idealization and Coordinate System

The analysis of a Dash-Dot Sensing System made in this report
is based upon the determination of two points on the target trajectory
and the times of passage of those points. In analyzing the system, to
a first approximation, it 1s helpful to idealize 'he detector ard the
armament sections. This is done by assuming thut the thicknesscs of the
fences determined by the shaped-charge jets and by the fields of viaw
of the detectors are infinitesimally thin and thus can be represented
by geometric planes. In this connection, it is also beiug assumed
that there is in each detector fence a detector observing the passage,
and in the P -fence a properiy situated shaped-charge. Actually this
is not the case, the detectors and shaped-charges being fixed in position
ard having a finite spacing. This situation i1s considered in section 4.
Referving to Figure 1, the plene determined by the outermost row of
detectors will be designated as the ao-fence, the next outermost row as

the al-fence, the third row as the az-fence, the fourth row as the Q"

fence, end thut plune determined by the shaped-charge Jets as the 3-fence.
To further aid in the anulycsis, a Cartesiun coordinate system is con-
structed in which the origin liec ut one end of the row of shaped-charges.
The positive y-axis lies nlong the row of shaped-charges and intersects
their axes. Tue positive x-axis i perpendicular to the y-uxis and
extends in the direction of the detector fences. The z-axis is perpendi-
cular to the xy-}.iane, and the positive direction is on that side of the
«y-prane away from which the detectors and the shaped-charge jets are
directed.

3.3 Baslc Equations

Since the target is assumed to be traversing a rectilinear
trajectory at uniform speed, then the trajectory is appropriately
described by the equation of a straight line. For the equation of the

13
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line, 1t will prove convenient to use the parametric form,. If 3,
u, and v are teken as the directlon cosines of the straight line
with respect tc the x-, y- and z- axee, respectively, then the
parametric form of the equation is:

X - x! oy z - 2!

A= s B = z—5"x~ y V=R ) (1
where D, the parameter, is the distance from the point P' = (x ,y »2 )
to the point Pi’ (x,y,2), and

k + “2 + Vz = ln (2)
The distance D w2y Le given, for completeness, in the two forms:
1/2
2 .
D=+ [(x-x)"+(y-y)%+(z 297 (3)
and
D=V (t-t'), (&)

The second form expresses the fact that the missile 1s moving with
uniform speed, where Vm 1s the egpeed.

In addition to the equations assoclated with the trajectory,
there are also needed the equations of the planes formed by the
idealized detector and shaped-charge Jet fences. These equations are:

X, =_ 8, + z, tan g, » a, - fence,
Xy = 8 +2z, tan ajy s gy - fence,
X, = 8, + 2, tan a, > o, - fence, : (s)
Xy = 83 + Zg tan asz az - fence,
4x4 =z, tan B8, B - fence.

The appropriate fence or plane for cach equation is illustrated in
Figure 1.
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Shovld the axes of the detectors and the shaped-charges in
the different fences be set at various angles ¥y to the xz-plane, then
the following auxiliary equations are required:

" tml *é‘.‘

Yo 7 95 o cos q
. tan ¥,
= n -
1= *?% o8 @)
. taniﬁa P
Yo = Y2t %2 Cos a, (6)
tan y -
- " 2 kN
Y3 = ¥z * %3 e as
tany,

y4 = 34 + 24 cos p

The general form of these equations, derived in the appendix,
is given there by equation (23). In these equations, the y"'s are the
y-coordinates of the detectors and the sheped-charges.

3.4 Determipation of the Shaped-Charge Firing-Position

The firing-position Y. of a shaped-charge is the y- coordinate
that a shaped-charge must have iz 1ts Jjet 18 Lo intercept a target croosirg
the B-fence. This coordinate y4 is given by thc last equation of
equations (6)%¥

tan y,
-— " - .
Te=Ye? Y "% osp !’ (1)

where Yy end z, are the y- and z- coordinates of the position of passage
of the P-fence by the target. To outain y, and Zy equations (1) are
employed, using two known polints P, = (xl, Yy zl) and

P, = (xs, Y ZS) on the trajectory. These equations give

- X X, - X

1=_3.ﬁ._1,1=.;4.5_i'
- D3 18
Yz = ¥ Yy = Y
3 1 4 1
13 14
15
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- 25 - 2y , 2y - %y
- ) =2
- D13 Dig
where, from equations (5),
X, = 2, tan B. (9)

From the first two equations of equation (8), there is obtained
= == (10)
from the second two eguations,

Y-y, D
LS e S (11)

Yz = ¥y Digz

Upon equating the left members of equations (10) and (1ll) and solving
for Yy there-results

X, - %
NS, (y5 = ¥y)- (12)

In a similar way, making use of the first two and the last two equations
of equation (8), there-is obtained a relationship among the x's and 2's.
Then making the substitution for Xy from equation (9) and solving for 24,

there is obtained

_ 2 (x:5 - xl) - xl(z3 - zl)
4 (x3 - xl) - (z3 - zl) tan B °

(13)

The substitution of the values of Yy and z, 88 given by equations (12)

and (13) into equation (7) gives the firing-position Y. of the appropriate
shaped-charge. The expression for Y in terms of the Coordinates «uf the

two determined points on the trajecto:y will not be wrlyten out, since,
as can ye readily shown, it i: quite lengthy.

3.4.1 Derivation of the Coordinates of the Trajectory Points

The coordinates of two points of the tralectory,
Pl = (xl, Yo zl) and Py = (xs, Yz 23), are derived in the appendix for

three differernt methods for determining the target trajectory. These
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methods require, in general, the use of four detector fences. These
different methods will be referred to as the First Method or Method I,
whe Second Method or Method II, and the Third Method or Method III.

3.4.1,1 First Method for Determining the Trajectory

In the first mcthod there are four detector
fences of which two are parallel to each other and the other two are
transverse. The necessary and sufficient condition, tan a
tan @ = O, for parallelism is illustrated in Figure 3. Tﬁe coordinates
of th& first point P = (xl, ¥y zl) are

x, =5, +2) tang , (14)

from equatidn (5);

tan y
1
_ "
W= t: oos ay ’ (15)
from equation (23) of the appendix;
- \
. 8, = 8 (L +k.)+s8,k (16)
= - /
17 (1 + kl) (tan a, - tan ao)
from eguation (11) of the appendix. The guantiiy hl is given by
equation (20) of the appendix, and is
t, -t
k, = tl —2 (17)
2 1

Tor the second point P3 = (XS’ Y zé), there 1s obtained, similarly,

Xy = By + Zg tan g, (18)
tan ¥,
I L
Yz = Yz + 23 55 Gz ’ (19)

_ 5, " 53(1 + k3) + 8K,
37 (1 + kS) “tan a, - ten aéj

(20)
3
end

: (21)
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As shown in the appendix, there is no special
case, comparable to those for the second and third methods of determining
the trajectory, whereby the number of fences may be reduced in number.

A special case, of a sort, does arise if it is assumed that all the
trajectories are parallel to the surfacs S, and that all the y angles
are equal to zero., Under these assumptions, there is needed only three
planes, two parallel and one transverse, to dztermine the trajectory.
This means that the z's are determined from equation (16), the x's
from equation (5), and the y's from equation (6).

3.4.1.2 Second Method for Determining the Trajectsry

For the second methcod, there are, in general,
four fences of vhich two satisfy the condition:

tan y tan .
Z . Yo _ & (22)

sin a sin -
o

2
This condition is illustrated in Figure 5 and means that the
projections, of the lines of sight of the detectors in the e, and az-fences,

on the xy-plane are parallel. As a rezuli, the cocrdinates of the first
point P, = (xl, Yy zl) are

tan ¥ ( ) tany, tan ¥,
no Mo el 4+ 5 (14k . 2
< = Yo " N2 (l+kl) *YE 78 singp 1 17 gin @1 Sk sina, , (23)
1 fLan vy tan -;-o‘
(24k)) (sin e, sina )
1 o

for equation (23) of the appendix;

tun *l
— " - —a——
yp =1 (5 -8 o a ’ (24)

from equation (Z24) of the appendix;

X, = 8
e .l. o l

“2 " tana. (25)
1

from equations (S); and k. 1s g¢iven by equation (17). sSimilarly, there

is for Py z (x3, Y zs):
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tun o tan ¢ tun yz—
H_ " 1 17 - ot —r—— . e —— — .
e y3( l"\KZ»))'kas Yo TIn a_ + "3(1+k5) sin'e, 6, k3 om e,
X '° ~ (26)
3 C1ax tan Wj tun *«b\,
1+ “5 uin 35 gin 'QO)
tan V,ﬁ
Cog - i (.
Yy o dy b (Xgmug) o a, ! R
Xy = Uy
1" Tan a';— (¢8)
with
L, -t
] (7] gy
ks T (e9)
[# v
‘ The expredsions for the coordinates of' the two

jroinl, on the trajectopry can be conslderably simplltied by choosing spocial
viduen for the time ratlon, kK, und k,, and the vaelous angleo fnvolved,
[n purtieulur, upon putting v

i L I
r 4
U, 9 i,
r I
a . a a a. .
‘o L fe T B ()
v . - -
\4 *l) \h w;“ ’ *l ’
”A"Il
ko= 0
1
(1)
k\_’\ - @
e coordinulen of P'L become:
'yn - yu’
x, = o ¢ b _closln g r32)
IS 2 tun y
1" 1
f.
yl Yo
it T (o)
SECRET 21
fle d t oontaine Information afl 1ho national dof ot the United States within the mean -MMW
Ilhbﬁ‘.cgm;oﬂlmnn" itatr orlhe iation of ite ©setents In any mannar to an unsuthorised persan ls proh ‘“’h‘im




cu nuu .
oemoo uuncs
%3103 = opnvL | 1%00 -sz«u

90609 _¥ngos
" Rk, 1)
O4NYL TiNY)

(o]

NOILIQNOD
ANZIDI44NS ONV AHVESIDIN

SECRET

il o

MoITNG

‘1] Biuag

‘g aanfig

™
o~

SECRET




SECRET

ly" -
_oatl o cos a
- 2 Teny (34)

Bl
a

coordinates of Pb become

L
l":s ’2‘

8in a
xs = 83 + 2 tan * » (35)
Yz + yg
Yz = z (36)
_ 'y I cos a .
3= Tany (37)

3.4.1.5% Third !‘cthod for Determining thu Trajectory

For the third uechod, there are, 1n geuerai, four
fences of which two satisfy the condition:

tan *2 tanwyo

- = Q. ‘
cos @, cosa_ (38)

This condition is illustrated in Figure 6 and means that the projJections,
of the .ines of sight of the detectors in the a_ and a_- fences, on the

yzZ-plane are parallel. As 2 recult, the coordinates of the first point
= (xl, ¥» 2p) are
x| = s; + 2, tana,, (39)
from equations (5);
tan *1
1 = yi %1 Cos a ’ : (40)
from equations (6);
1o
.. Yo = Y] (1L +x ) + kl y2 (41)
1 tan V. tany ?
(1+k. ) 2. 2
1l’\cos a cos a
1 )
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Slmilarly, the co
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the appendix; und k, is given by equation (17).
4inates of the second point P n (xé, Yygs z,) are

K o 8, + Zg tan L (42)
tan &,
" o — 3
Vo = Yy b By Lot a., ’ (43)
gy y; {1 ki): e v
- [#] e e S e ( 4‘>

with

for the courdinates of the two polute on the trajectory cun be

e e e _.t,.ilr *;...,.tm - )
N
(L +k,) - -
) con g, ~SonQ
. . 0/

Lo 0 (49)

An with the pecourd method, the expresuions

wlmp it ftea by choosing special vajurys for the time ratiow, k and Ky

thie various anglen Lavolved,

In particular, {7 the valueu yivvu by

cyuntions {39) mee wund, the eoocdliton of P bLecome
1] "
A + y; y“‘ wln g (413)
¢ tawy ’
" H
- ph Y, ‘o
.= 7 , {47])
'yn yl” )
l [¢] ST
T T ey ()
wad the coucdinetes of P, bedome
o
" "
. . a Yy Vz’ uln @ (49
: 5 2 tan ¥ 7
Ju * YV,
Vo (50)
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|

no_ oo n
Iys yg] cos a
-2 tac ¥

ig = (51)
3.4.2 Determination of the Coordinates of the Point of
Passage of the Shaped-Charge Fence

Tc sh:taln the coordirvates, in the general case, of the
point of passage of the shaped-charge fence by the target, the general
expressions for the coordinates of the two points, Pl and P3, are used.
The values are uzcd with equation (13) to give zi; this value of A is
used in equation (9) to give X, in terms of the general coordinates.
Upon substituting this value of x, and the values of the x- and y-
coordinates of the two points into equation (12), the value of Y, 18

obtained.

3.4.2.1 Point of Passage of Shaped-Caarge Fence, Using
Special Case of Method I.

The expressions for the coordinates of the point
of passage of the shaped-charge fence can be simplified consideradly by
assuming special target trajectories or using special methods for devermin-
ing the trajectory. The first method for determining the trajectory
vields simple formulas for the coordinates of the point of passage of the
P- or shaped-charge fence, if the trajectories are assumed to be parallel

to the surface S, that is parallel to the yz- plene, if $4'= 0

#2’*1”'\"0:':
and if B = a, = a,. The condition that the trajectories be parallel to the

Xy- plane means that 2, =2, 2y = 2, Under these conditions, it 1s not

necessary to use the ay- or fourth detector fence, for the first three

fences give sufficient information. From equations (13), (16) and (17)
there is cttained

. Sc - Sl . tz - tl sl - 82 tl - to (52)
= ~ - - ’ \
4 tan al tan ao t2 + tl tan al tan ao tz + t
and from equation (9) and equation (5Z),
5 a(so-sl) tana t,-ty _ (al-sz) tana  t-t (53)
4 tan al - tan co t2+tl tan'al - tanab t2+tl

As the fourth detector fence is now omitted,
equation (12) can no longer ve used since X5 and Yy are unknown. By
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tollowlng the usme procedwrs as was used to derlve equrtlion {iz), but
uging the points PO and P,, there is obtained

X‘ - X
v,-v_d--—-——--f-c—'-—fv_..-y‘). {54)
4§ o X, = X, b4 o’

BU 8, (
- - N ‘WL
Y47 3 -4, Ye 9 = 8, yo 5)
¢ ' 0 2
3.4.2.2 Polnt of Pansage of chaped-Charge Fence,
Uming Gpeclul Cascs of Methods 11 lud 111,
== P a3
It
p=e, fs0)

wnd olnee the speclal cuncg of the second uwnd third methods for
determiniog the trajectory are fdeotical, then for thesn Lwo methoda the
coordinates of P‘ Lecone

"- 1 " - "
X, = S Wi !y3 Ye| Mytina lyl ‘YOI (u1)
4 (ux-“b) Lo ¥ ¢ -(T‘l-uli) Lany e ¥
1 L]
L _h YWy vy Y[V Y (58)
Y4 * 5 .-e, 2 8 -4, 2 ’
173 1%
. ul. cov a lyé«-ydl ﬂ.\,) ros @ J)’ - DJ (LIJ)
4 rul-u.,f Lean ¥ 2 (ul-u,,’) tany v

S.4.8 Dpetermtumtlon of heped-Charge Flring-tosition
For Bpeclal (uses

The shuped-charge firing-positior Yg, in the general

..... O b Fy vy
cquaviull I, ¢ }r TG llUbG.L“ Lue

LY p—
414
parallel to the xy-plane and are
£o be noted thut In equatlion (7)

rase, 1s obtsined by subutituting the general valusuy of Y4 and L into
1

P » When ths trajettories are
determined by the first method, {t 1
¥, = 0 and thus from eyuation (54
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s} 2
Yo =y, = Yo - e Yo - (60)

If the special cases of the second and tnird methods are used, then
substituting the values of y, and z, from equations (58) and (59)

4 4
into equation (7),

1" 1"t "
! yztie v tenv, I
£ 5,785 2 e tany_ |
", 1" II_ 1
.3 Lyfyo ] |vi-vgl  tanv, (61)
8,84 2 2 tan ¥
For equatics (61) there are the two special conditicns:
V4 =ty (62)
ana.
¥, =0- (63)
TL Arandditdian (A2) 4a neead enuatinsn (A1) hecomeaa
Lo TSRSV ALL TRy == SRy TRESLLAVE vy -~ ~
" - " 1" n
v o 1 ly 2. - Iy:s y2| l
Fu B) = By L_ & 3 o
s y" + y” lyﬂ - yﬂ
3 l_‘l o = 1
- + ——— . = .
8y - 55 L & il B PR £ (64)
If condition (63) 1is used, equation (61) becomes
1t 1" " "
v 51 Tzt V3 °3 1+t v =0 (65)
= - — 2 - .
£ 8,-8% 4 8, - 85 2 4

3.5 Determination of Shaped-Charge Firing-Time

The second problem to solve is the determination of the firing-
time T_. of the appropriate shaped-charge, so that its jet will intercept
the target when crossing the p-fence. For the firing-time 'I'f, the
gencral Tormula is

Tp=ty -7 -68; (66)
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where t& 1s the time of pusvoge of the B= fence by the target;

1 1 the interval of time regquired by the jet to traverse the
diptunce from the shaped-charge to the target in the B. fence;
ariéd O is a time iptervesl represeniing, collectively, ail oiner
tine deluys inherent in the system.

Frow cquations (1) and (4), there arereudily obtained
the formilus:

. A L . ‘
e bt (g v)) (07)
3 L
for the general csue, aod
X, = X
4 0 ,
ty 7w by b (e ) (0rb)
o [}

for a aneztel cwse, The simple geometriceal relutlonships exiscing
between Lgs wnit ¢= cuordinale Of the polint of passage of the B= fener,

and dgr’ the dlsteice brtween the appropriste sheped-chargs nnd the
point of mlsefle pusunge In the B fence, permites Lthe transpt-lime
T b be eaplly obtsined,  for exwosple, consldering Flgwe 4,
row taking the place of the wigle a,

z‘ - p‘ uisn ﬂ ((’u)

and
l" = (l‘ toy v‘l (""9)

whier: by L the dlstance fooan the xy-plane Lo the polat of prennge,
By ellminatingm, from these two e atlous, there Ly obtulned
z

4 .
g " Tonp cob A (10)

Olnce the teanpltetime T, by deflnltion, to

q
4
T g, (1)

©

wvhers Vr ts the velocity of thy shaped-charge Jet, thun using the
value of q, fro. equation (70) in equution (71),
A

4 M ,
A v, con B cos h{ ) (72)

* See Appe}ldix for Figure 4,

: e
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Thus the firing-time T, as given by equation (EC}), using equations

(67) and (72) can be détermined in terms or the positions and the
times of passage of the detector fences.

3.5.1 Determination of Transit Time for Special Cases

For the special case using Method I, B = g,
and W4 = 0. This gives, together with the value of A from equation
(52), for the trancit time,

B -8 t, -t

<= o 1 2 1 (73)
Vv, cos a (tan a,-tana ) t, + t
8) ~ % Y17 %

- Co8 @ _{tang -tang ) ¢ '
vV, cos a _{tang &) T, vt

For the special cases, using Methods II and III, B=a,=a_ =qa.

3 o
With ¥, = £y and using the value of z, from equation (88), equation (72)
glives l I |
5. Ya-Yo 8, Y-yl
<= L !'JyCJ - 2 gy.n. yGJ ] (74&)
VC(Bl-ssfsinv 2 Vc(al-ss)sinv 2
If *4 =0, '
8 yh-y" s lyn_yul
2 3
< 1 I3 1 ol (74b)

- (sl-ss)vctany 2 fél-ss)vctanw 2 :

3.5.2 Determination of Time of Passage of Shaped-Charge
Fence for 3Special Cases

To determine the time of passage of the shaned-charge
fence for the special case of Method I, the conditionsare B = as = a,

en’ Yy =¥, =¥y =¥, = 0. Under these conditions equations (67b)

and (5) give
8 8
o 2
t, = —=—t, - — (758)
4 8,78, 2 5,78, ©
or
%o
ty =t +t o (t2 - to) . (75b)

29
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To obtain t4 for the special cases of Method II and

I1I, equations &57%, (49) ~and-(46) are used, These give from equa-
tions (57) and (46 3

5 { (Tl |:f'l'-yz;U sin a,

¥g T 1T 58, ‘(51'53,XT 2 ? _JTany |’ (76)

and from eguations (49) and (46,

- .
Yg‘}'"lal ) l}"]'_;y;ﬂ sin a, (1)

x5m%) = =(3)-85) + l_ 2 Tan ¥ ° \

Upon substituting the values of these differences into equ~.ions

(678),
51
t, = t, + t. - t,).
4 1 -8 ( 3 l) (78)
R A TN | PR Ce G G e e, A e eyt
3.5.% Determination of Shaped-Charge Firing-Timc for
Jpecial Cases

Upon substituting the value of % from equatlon (73)

and the value of t, from equation (75) into equation (66), ther: is

obtained, for the special case of Metr~d I, for the firing-time,

"o

Tf = to + 8 -8 (tz‘to)
o 2
i 5% " 51 Y2 -4 (79)
-1 +
.vc(tan a, uanao)coa a i, + /
e . o ’ ’ L N T e FI e
.\ sl - s2 tl - to s
- T, *
V;(tan a, tanab)cos g, t, £ Ty

For the special cases of Methods II and III there ie
obtained, upon substituting the value of T from equation (74a) and
the value of t, from equation (78) into equation (66;, for the

firing-*ime
8 8 y" - yII
1 1 l 3 2
Tp,= t, + = (t,~t.) = . 80a
£ 17 8,=84 ( 3 l) (sl-ss)vcsin ¥ 2 (80a)
s y" - V"
3 f 1l Yo
+ -~ - & ¢, = ty.
(El 33) V. siny 2 4
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With the value of % from equaticn (74b),

s 8 Y- ¥y
1 1 ( & &
T, = t. + = (to-t,) - .
f 1 818y 371 (sl BSTVC’QW 8
. . V=Y 2 1T Y
"o " \ovu)
. 85 _ A 5. v. -0
Tr!l-uz) chmév . ? 4 *

3.6 Yummery of Special Caseu

In nummiry, the cpeclel cases considared wre trujectorien
purullel to the xy-plane when using Method I, wid a system consisting
ot tun detector fences wnd one ghaped-churge Jet fence vhen using
Methods 11 and I11.

fences of which tvo are pursliel tu sach other wnd the third 1o

trunuversely placed with respect to thu twe. All the ¥ ungles of
the detectors wie zrro, thav lp Lnes of sight of the detectors in
each row wre perpendiculasr to that row.  Alue the ¥ angley of e

shaped-churge Jet uxes wre zero, wnd P « g, =3a.. The migslile

trajectoricu are nspwrnd Lo be purslie] to ihe surfuce § or the
xy-plane.  Under theae conditions, the tiringepaaition Lo

Dpecial Cave 1: In thio cuse thers are three detector

¥, .,
- S - s
Yi' G - 8, Yo% - u,, I (1-1.0)
[¢] 4 (V] i

wndd the Pleing=thoe 1o

-] b= B Lot

T _ 3 (1 =1 ) . ] 1 2 L
¢ o =, pmty! v‘:(‘l‘fl“ a - tan au) cong b
8, - u, Y
[ ]
+ o i . - 5. (gz=-70)
i . - st L, + ¢t
] V(' tan a, tan c”) O “0 u 1

Gpeetnl Cuse T 1o 1llustrated In Flgure 2u.

Opeednd Ceve [1: In this case, which 1o 3cerived from
Methods 11 and 111, there are two detector fences and one chaped-

i hyicrle s wlth
a Wit

¢ #il the fenoss “ming sst sl the sume angle

3 Y0 [ ¥2Y ]

ceharge Jebv fenve, ull the fencou Nelng
respect to the normul tu the xy-piune.  Tu each detector fence each
devector obgerves ln two directions -— the angle »f ~nwe dircction
Iy ¢ und that of the other {s - . ‘fhere ace two arraugencnto of
Lthe shaped-charge Jets. In one the axes oY the shuped-charges muake
un angle fywith the normal to the shagp=d-charge row. In the other

the angle y 1u ecqual to zero. Fory= Yo ¥ TV, T "y, und Vg ©

1]

ty, the firing-positlon, from equation (64), 1w

eremEr 00 3
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B -A‘y'/'*_y:‘I [yn_ynU
1 32 - 372 -
Y, = —= L — + 5 (63-64)
{ Bl 53 . 4 ) ;
R A ly'{v;ﬂ
- 8=y L_ 2 + 2 A P o

¥or the firing-time, from equation (80a),

] B8 yli‘y:l
1 ) 37z
T, w £, 4 ~—emme ({ =t ) = 7
r 1 B~y A7 (9,1 “5) Vc atn & 2
Moy | Y)Y |
- ed L f#] _‘ o, - P .
+ (ul-h,,)VL win o °, Yy ty, (84~80a)
T

This speclal case of Methodo II and III1 1s illuptruted in pigure gb.
I¢ ¥, = 0, then, from equution (ub), .

!C :. "“ "
ek WMt NN
o ou.-, 2 B, =4, Z A ! ¥
173 1 73

and trom equation (87u),

) ¥ y‘l - vl'
L { S Tu
Tew b 4 =———— (L, - t,) - 5~ —q e
f 1 oty 3 ) znl-aESVcLIﬂ “
\ b, ) L‘Y'i' - YL'.:'} R (8¢ )
- = - ¥y, = 0. BOG-B06
(ul-us)vctux v ¢ T T

This spaclal caue of Methods [ wod 111 s filumstieated In Flgure da.
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4. ERROR ANALYSIS

4.1 Approximating the Operation of an Actual Syétém.

The operation of an actual system may be approximated by
analyzing an ideal system incorporating errors. Theze errors arlse
from those inherent in the computer and in variations in the data
fed to the computer.  Regarding theee errors; it will be assumed
that those inherent in the computer have the same weight as those

K3 due to variaticons of the coordinates of the pointc of passage of the
fences by the target. Thus variations in all ierme containing the
factor 1/Vs will be considered as being negligible; also it will be
assumed that all determinations of times of passage are very precise
and any variations in time are due to variations of the coordinates
of the points c¢f passage of the fences.

Uuder thesc ascumptions eand if in case II, ¢) and tz are
changed to tg and t, respectively, and if s) and 83 are changed to
s, and 8|, respectively, then ¢asc I and case II become, from an error
v?ewpoint, identical. Consequently only ct.s2 I will be analyzed in
detail. The error in firing-position Yp, due to small variatious of
the various parameters, is given by the total differential of Yy
(equation (81)). As can be shown

_ - i4a ds i+a %
ldeImax = |y2 yol 1 2 lsO * 1. |dY|; (87)
-a

where |de'max is the maximum absolute error in the firing-position Yg;
|y2 - yo| is the absolute value of the difference of the ideal coordinates

of the positiorns of passage in the two fences; a 1is the ratio of the
distance sp of the second fence and the distance sy of the first fence
from the shaped-charges; and Idyl is the absolute value of the variations
of the ideal coordinates of the points of passage. The maximum absolute
valucs of dsg and dsp are assumed equal to each other; the same assump-
tion iz made also with reepect to dyp and dys.

Instead of determining errors in the firing-time Tp, it is
preferable to determine those in t), the time of passage of the shaped-
charge fence, since variations in those terms containing the factor 1/Ve
are assumed to be negligible. Thus there is obtained for the error in the
time of passage of the shaped-charge jet fence,

‘ l+a |4S -
Idthlmax =2t I, 58 (88)
In this formula, a and |ds/s.| have the same¢ meauings as in equation
(87). If the errors in the cOmputer can btc neglected, then the value of

ldthlmax as given by equation (88) will be reduced one-half.
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Figures 7 and 8 are graphs which may be used to readily
-eveluate equation (87). These graphs were.constructed by separati-
ing equation (87, into two parts. Figure 7 gives ]de/ye—yol as a

function of a with |ds/sg| considered as u parameter and |dy| = O.
Figure 8 gives Ide/dyl as a function of a with Ids/scl = 0. Pigure

9 illustrates equation (88), where |dt),/t),| is plotted against a.

It 18 to be noted that equations (87) and (88) < Xe into
consideration errors arising due to the target being detected belore an’
after the ideal fence, and to either side of a detector. If, as ’
probably ie the actual case, the errors in passage can be biesed to
the entering side of the fences and if an averaging circuit is used to
determine the lateral points of passage, then errors in t, and in Yg
can be reduced considerably.

4.2 Exampl : of Errors

As an example in the use of these graphs, consider a target
having & velocity of 6 x 10% cm/sec; take a = 8p/sg = 0.30; take
las/sg| = 0.010, [dy| = Sem, |y3 - y;| = 300 cm; and t) = 8., x 10-3
sec. From Figure 7, there is ottained

daY.

4

Y=Y
s e

= hx 10°2 | (89)

the subscript 2 referring to the firct part of the error in dYe and 2
referring to the second part.

Since Iy3 - yl[ = 300 cm, then !dell = 4.2 cm. From Figure
8, for a =0.30, |dY,/dy|, = 1.84. Since |dy| = 5 cm, then |dY.|, =
9.2 cn. Upon co.abining the two parts, there is obtained
|8¥¢ | gaila¥ely + la¥el, (90)
glving ldeJmax =13.b emor ay, =t 13.h co.

With respecl to the time of fassage th’ Figgre 9 is used. For
me. '

a = 0.30 and lda/sol = 0.010, lat/t, o = 5T x10 Since t, =

-3 = Al - ~
8.5 x 10 - sec, then Idthl max = 3.145 x 10 sec.
Iet D be the distance along the targst trajectory; then since
dp = V_ dt, (91)

- (6 x10 ") x (3.15 x 107,

ine information &M.Mmdmwmﬁmwﬁhm ‘mm lowe, title,
U.S.c.,num Its transmilesion or mammmuymumumm”mh W v,
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ldD.'ma.x = 18.87 cm (92)

dD__ . = % 18.87 ca {as)

X

It tre errors inherent i1 the computer can be neglected, then

1 1 JI
ap,, = ¢ 9.h% e (94)

If, ap han heen roted, the errors in points of nassage can be blased
and averagrd, then the errors In Yf, t‘h awl D ecatr be reduced con-
slderohly.
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V. RBSOLVIiii ABILITY OF A DASH-DOT SENSING SYSTEM

To make a Dach-Dot Sensing System highly effective, it must have
the ability to distinguish several targets pessing, at most, the
fences simultanecusly but having different positions 'of passage. This
ability is defined a3 the resolving ability of the system. i The sys-
tem analyzed in this r eport does not have this ability." ., A system
having at least a simple resolving ability, i.e., distinguishing two
targets, would, no doubt reqpire more fences and a complicated computer.

Although the present system does not have lateral resolving ability,
it has a certain amount of time resolving ability. Thus if the maximum
time of transit from the first detector to the shaped-charge jJet fence 1is
T), and the reset time of the cusputer is T., then the resolving time TR
is *

lR = Th + Tr . ’ (95)

Equation (95) means that if two targets are separated in time, that is

one following the other by the interval Tr vhen the Dash-Dot Sensing
System can discern them as sepurate targets. with the computer effectively
performing the necessary compu*aticns.
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Plgurs 11, Fluch Monnting Figuee 12, Avrangerment to
of System, Provide Mutual

OUTRIGGER (TYP)

FENCES

——w—~ s DETECTOR

»
Figure 10, Overlapping «f Systems to Protect Corners,
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6. SPRCIAL ARRANGEMENTS OF DASH-DOT SENSING SYSTEM

Pesides serving as a means to protect a wall from damaege, various
arrangements of cae or more Dash-Dot Sensing Systems cen be used to
minimize or elimirate demage to the systems themselves und to corners
of fortifications, vehicles and vessels. Pigure 10 lllustrates an
arrangement of Dash-Dot Sensing Systems to provide protection to the
corner of a structure. Tn this arrangement, the two systems over-
1ap each other at the corner. Thus a target approaching the corner
will be intercepted by at least one of the systems.

A Dash-Dot Sensing System using out-riggers to support the fences
is vulnerable to possible direct hits and also, if used on vehicles, to
collisions with protruding objects such as trees, tree stumps, boulders,
tarriers, etc. To eliminate these possibilities and render at least
only part of ithe system vulnerable, an arrangement with respect to a
wall 18 shown in Figure 11. Here the system is flush mounted on the
wall or embedded in the wall. This arrangement still leaves the

various parts of the system separately vulneruble. To provide, more
or less, complete protection fcr such a system, two such systems could
be arranged es shown in Figure 12. Here the two systems not only

protect the well, but also provide protection to each other from a
directly approaci.lag target.

»
. It is to be observed that of the vario.» armament and detector
AT raneneinls vy 5 Dash-Dct Sonsing System, an arrangement as i1llustrated in
Figure o2a is more effective in protecting a wall than such arrangements as
illustrauted in Figures 2b and 2c. This is so since the system '
Figure 2a can determine the positions'of a target up iC the ends of the ¢
fences, whereas the systems in Figures Zb and 2c can.not do so. In
Figures 2b and 2c, if a target passes near the end of a fence it is seen
that only part of the detectors observe the passage. To determine the
point of passage, the equations for the point require the observ:.tion
from two directions. :

SECREY

ment contyine Information affecting the national defsnsee of the Un'ted States wl!hln*u maaning ¢f the umnﬁ

Thie & ~

TBU. . G, 753 bivs 705 153 tranamiselon or revelgtion of ity contents In any mannerloanunau's.rized person le
’ -

- e

P '

39



SECRET

7. ACKAOWLEDOMENT
Tie writer appreciaté€s the nelpiul discussioms with Dr. H. W.
Kohler concerning various aspecis of the Dash-Dot Sensing Systen,
Before the geuerul anslysis wos made, he pointed vut the simplieity
of the formulas tor the speeisl cacco. It was at hio sugpgestion
thut the general snulyuis was undertaken. A aumber of helptn] sng.
gestions were made by Dr. H, W. Streub and Mr. B. Zendle.

0 SECRET

: t forinatlon stlaz U natisna! defanss of tha Hinktad Stetaa within the meaning of the ssakun Tawe, e,
;ran ‘U".cg ST ‘6‘; .‘.?3‘?'94"' "3':?'.'. e H‘Ma eiath Re sontents in any mantkec to ah unauthorissd pwunﬁ m'l'n'm iﬁ iaw,




SECRET

8. APPENDIX

8.1 Determinstion of the Target Trajectory

The determination of a target trajectory by a Desh-Dot
Sensing System 1s based upon using, at most, four fences formed by the
spaces observed by four rows of photosensitive detectors. In this
appendix, the fences will be idealized, that is assumwed to have
inTinitesimal thicknesses, and referred to as planes. If there exist
relationships among the coordinates of each position of passage of the
planes, then in general, there are three methods by which the tra-
Jectory may be determined. The three methcds resolve themselves upon
he fact thut in each method the projections on & given coordinate
Y lane of the directions of observation of the detectors in two of the
plapes are perellel,

8.2 First Method for Determining

The basis of the>first method for determining the target
trajectory is the relationship existing between the x- and z-coordinates
of each position of passage of the planes. The first method may be
summarized in the following theorem:

Theorem I: A targct ‘e traversing a rectilinear trajectory with
uniform speed. The y-coordinates of the positione of the activated
detectors in the planes and the times of passage of the planes of a set
of pluanes are observed. All the planss ~»f the gt are parallel to the
y-axis. To determine the trajectory of the target, it is in general
necessary and sufficient to have the set of planes composed of, at most,
four, noncoincident planes of which two are parallel to each other and
the remaining two are transverse.

This theorem is a special case of the system as illustrated in
Figure 1, in which any two of the detector fences or planes are made par-
allel to each other, e.g., ap = Qg. The necessary and sufficient condi-
tion is illustrated in Figure 3. Since the trajectory is by assumption
a straight line along which the missile is moving et uniform speed,
then the theorem 1s thus equivalent to the determination of a straight line
along which distances are proportional to the time required by the target
(point target) to traverse those distances. Before —roving the theorenm,
the following lemma will be proved: S

Lemma I: Three, noncoincident ‘planes, parallei to the y-axis with
one of the planes being transverse to the other two, divide a transverse
line into a given ratio. For the x- and z-coordinates of the point of
intersection of the line and the transverse planc ts be independent of the
points of intersection of the line and the other two planes, it is necessary
and sufficient for the two plan=2s to be parallel to each other.
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Proof of Lemma I: (Refer tc Figure 13). Let the parametric
equations of the straight lin: be-

- ' - ! - 1
S SRS £ SN 1 1Y (1)

where A, u, and v are the direction cosines of the line with reference
to the x, yy and z axes, recpectively. Without loss of generality,
the equations of the three planes may be taken as

Xg = 85 + 24 tan ao ao-pla.ne
X| =8, + 2 tan - @, -plane (2)
Xy = 85 + 5 tan a2 a2-plane,

where & $ a,, @ { a, and B, 4 By, but 8 is unrestricted. Let the
distance along the line from the point P, = (xo, Yo zo), the point of
intersection of the line end the first plane, {4 the point Pl = (xl,

Yy zl), the point of intersection of the line and the secomi plane, be DOl;
similarly, let-the distamce from: -B), to. P, = (x5, ¥, ze), the point

of intersection of the line and the third plane, be DlQ' Then

¢ L
k“'D—':l ' (5)

where k is the given ratio.

Using the first two points on tr- " ire, given by the first two
equations of equations (2}, the first of equations (1) may be written

N ! tan @) - (s; + z, tan aj) (5)
) Do1 ’

and with the second anzi third points, given by the second and third
equations of equations (2),
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8, + Z, tan &, - (sl + z, tan al),'

A= (5)
Dio
With the third of equations (1), there is obtained
z, - 2 .
ol
and
‘ z z
2 - "1
vV = ——3—'— . (7)
12
Equating the right members of equations (4) and (5) and using the
relationship expressed in equation (3), then
5 +2z, tan @ - (so + z,, tan ob) s (8)
By + 2, tan a, - (sl +zy tan al)
Equating the right members of eqpa%ions (6) and (7), using equetions
(%), ard solving for Zy
29 = % {1+ x)- z, k. (9)

Equations (8) and (9) are two independent relationships involving
the four varisbles 2450 295 Zp and k. In each equation, if any three

of the variables have given values, then the fourth igc determined.
Cons’idering the two equations simultaneously, then upon eliminating

one of the variables, the resulting equation involves only the remain-
ing three variables. Any two of these variables may be taken as the
independent ones with the third being the dependent variable. In wvhat
follows, z, is taken as the dependent. variable, and z, and k as the
1ndependen% ones. Upon substituting the value of zg from equetion (9)
into equation (8), and solving for Z)5

. 55" 51 (L + k) + 8y K . s tan @, - tan a ‘
1~ (1 + k)(tan @, - tan ao) 2 7 (1 + k)(tan @ - tan ab)

To show, that it is sufficient to have the tvo planes parallel for zy
to be independent of z, and consequently independent of Xo» let oy = Qy.

Then from eguation (10), it is seen that
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L. 8y = B (1L + k) + By k (12)
1" (1 + k)(tan @ - tan 667 ’
which does not depend upon z, Or X,. Since Xy is related to z4,
as shown by the second of equations (2), then ol is likewise inde-
peadent of X5 and z,. Also,'x1 and‘zl‘are independent of X5 and LY
since they do not appear in equation (11).
To show that it 1s necessary to have the two planes parallel if
x, and z, are independent of x, and z,, write equation (10) for two
values of z,t
- 1)
2, =A+B (tan @, - tan ao) Z, (12)
z2) =A+B {tan @, - tan ab) z,", (13)
where
.. 8y - 8, (L + k) + 8, k (24)
{1 + k)(tan o - tan ab)
and
K
B Y £ N B L™ dmem e ) (15)
\+ T /\uuu&l-vnuuoj
Upon subtracting equation (13) from equation (12),
0 = B (ten a, - tan ao)(zg' - z2”). (16)

Since B is ot equal tc zero, and z,' 1s not equal 2 22"5 then for
the right member uf equation (16) to be equal to zero, @, must equal

a. or differ from it by nx radians, where n is an intecar. Either

0
condition means that the two planes are parallel.

Proof of Theorerm I:To prove the theorem, take three of the planes
o1 which two are parallel to each other and the third transverse.
Since distances elong tne straight line trajectory are proportional
to the times required by the missile (point missile) to traverse those
distances, that is

D=v (t-t'),

This docyment contalng information affecting the national Gefense of the United States within the mesning of the Iaws, titte,
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arws

then the digtance along the straight 11ne between the first parallel
plane and the transverre plane is
(18)

Py =V (tl - to).

If the transverse plane 1s crossed first, then the times must be
interchuged, since distances aloug the trajectory are taken as
positive, The dlstance along the sptraight line trajectory between
the trapsverse plane and the gecond parsllel plane ip

I A C tl). ' (19)

K 5 e ey (»0)
e o "1

where k Lo the ratio tnto whieh the line lo divided by the transverpe
plane, A peen Crom equation (20)  this ratio can be determin: i from
the times of pastage of the planen by the misol le, {Jeing the lemma
as given by equation (1!) and the value of k am glvew bty equation (20),
1t 1s oeen that the z. - coordinnte of a polnt on the ntraight line camn
be detoermlned Urom thi: timeos of pusuage of the planes, An o) i reln-

b
s

tpe ascnnd of equatlions (2), then %, can alsu be fourd.

ted to oy
Knowing the z-coordinate of o pulut on the trajectory, 1t henomen n
rielative imple matbter to ottalin the yecoordlnste. Papume that the
axed of the detectore tn m glven plane, which are parallel to each
other, make an ungle § with the xz-piane. A seen from Figure 4,

y o y" v p teu §, {?1)

whers ¢ 1o the coordinate of the detector that observes the pascage
of they missile und p e the distance, wn the plane determined by the
detector avet; feom Lthe ysplune to the polnt of puicmge, Now

L .
o (S} S 4 (;’n’)

sre 2 io the ungle which the plane mukes with the yz-plane, Subotl-
tutlipg the value of p from ecquatlon (z’..’,l Into 2quatlon (21),

gty ten

Ccon o

<

’

Which Lo the y~coordinate of the posltlon of passeye of & glven plane,
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knowin- the z-coordinate of passage and the y-coordinate of the
activaled detector. I'nus & point on the straight line is deter-
mined, krowing the times of passage of the planes and the position
of the activated detectors in the transverse plane.

Using the iwo parallel planes and the remaining transverse
plene, a second point on the trajectory is likeuise determined. Thus
to determine the trajectory, it is in general, nccessary and sufficient
to have at least four, noncoincident planes parallel to the y-axis of
which two are paralliel to each other and the . ‘nining two are trans-
verse, since two points are necessary and suffic! nt to determine the
position of a sctraight line.

8.5 Second Method for Determining the Trajectory

The basis of the second method for determining the target
trajectory is the relationship existing between the x- and y-coordinates
of each pogition of passage of the planes. In impliecit form, this

relationship is

" in a
f2(:-:,y)=x-s~(y-y)—:-£—tﬁ=0, (a4)

which 1s obtained by eliminating z between equaticn (23) and the general
form of equations (2). The second method may be summarized in the fol-
lowing theorem:

heorem 1I. A target is traverSIng a reciilinear trajectory
with uniform speed. The y-coordinuie of the positiorcof ihe activated
detectors in the planes and the times of passage of a set of plenct are
observead. All the planes of the set are parallel to the y-aris. To
determine the trajectory of the target, it is,in genera);reccessary and
sufficient to have the set of planes composed of at least four, non-

coincidert planes for which two of the plancs satisfy the coudition:

tan tan U
2 2 - o, (25)

" sin a

sin @, 0

2

The necessary and sufficient condition for theovew II as well as
lomma IX 4c illustrated in Figure 5. As with thearem I, theorem 11 depend

upon a lemma which may be stated:

Lemma 1II. Three, noncoincident planes, parallel to the y-axis,
divide a transverse line into a given ratic. For the x- and z-coordinates
of the point of interseciion of the line end one of the planes to ... Lnde-
rendent of the x- and r~--cuivlinates of the points of intersection of the
line and the other two planes, it is in general, nccessary and sufficient
for the two planes to satisfy the condition:
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= 0 (26)
Proof of Lemma II. (Refer to Figure 13). Using the rela-
tionship betveen the x- and y-coordinates, equation (24),

f, (%,y) =x-8-(y - y") 515—% 0,

the first two equations of equations (1),

. X - % P | .
R s (1)

and proceeding as with lemma I, there 1s obtained

Yoyl (14K) + y) k-8 tenlp L(14k) ten §1 oy tan §p

< = C sin g sin my 52" 5in [
1 v/ tan U tan (7Y
(1+k) -
sin @y  8in 0y

tan Qgr tan ¢n
+ x.k sin ap sin an (28)

2 _ tan §p
(1+k) (tin al sin 0o

Taus it is seen, {or Xy and zy +o be independent of x

Z5; that it is, in-general, necessary and sufficient for

tan §, tan Yo _
sin @ sin g

0. (29)

The proof of theorem II is similar to that for theorem I. By using the
second equation of equations(2) with equation (28), the %z, -coordinate can

be obtained. The yl-coordinate is obtained by substituting the value of

Xy from equation (28) into equation (24). The coordinatesof a second peint
on the line are cbtained by using a fourth plane with the first and third
planes.

8.2.1 Special Case for Determining the Trajectory.

When ai = ab and 8, —> SO’ then k¥ = 0, giving for equation

1
(28)
" '
Yo~ 1
XL "% * tan § - tan U sin & (30)
1 G
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from equavion (%0) into equation (24),
{51) .

Substituting Kl
'.'r'" - y'{‘ ‘ ]
tan $1 Yy s

tan. W tan 1
t Gione (1) pives

the substitution 2f x, into the second equatlon of equatioing

y" - y"
O !
2) TG = tan Uy con Gy (42)
’ 1 tan | tan ¢
Siml kar expre Jlong cun be written for Pﬂ 2 [ %,y y,S z.), A second
wint oty yrajectory.
8% Third Mehhod for Determining the Tradeciory. )

Tie baslo of the third method for determining the target
,rqucto.v 15 thie relationship exioling between the y- and 2- ~coordinates
of each publ,ull)n of passege of the plance In 1np)1c“ form, this
relatlonshly s ! )

£, (%) vy -y -2z O {%5)
2%),  ‘fhe third method,

L

which tn obtained by resrcanging equation (
may be cwnmarized in the follewling theordm:
. Theorem II1. A tnrget 1o traversing a reztilinear trajectory
with unlform rneedi  The y-coordluates of the positlons of the ectivated
dettectors 1n the planes and tne times of panowye ol a sel ol pleizs ‘
uwre oboerved, ALl vhe planeo of the pet arc parallel to the y-azis. o
To determine the trdjectory of the target. It 18, in geniral, necessary
and sufflelent to have the sew of planes componed of wt leant féur,
noneedne ldent, Dlﬂnem of which two of the pleme's Bntiafy the comibion.

,w.n d/? tan $(
- — (5h)
cos Ot,, cou @y
Fhﬁ ueukspuz/ anid sufflcl(ﬁt condition of Lheorem III Gy well
fh, 'Ap with theoremsl aus II,

at lemoe [IT 1811Llubtruted in Flgure
theorem [IT dependu upon & lemma which may be stated thus:
Lemma IIT. 7Tnree, noncolncldent planes, parallel to the y-axls,
divide & trancverse Line into e given ratio. For the x- and z-roordinates
of the points of intersection of the line mnd one of the planec to be inde-
pendent, of the x- and z-coordinusen of the pointg of interzection of'. the
1ine and the other two planes, it 1o in general, unecessary and sulficlent

for the two planes to sarisfy the condition:
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tan ¥ tan §f ,
2. ° -o. (35)

cos Q, CO5 G,

Proof of lemma III. (Refer to Figure 13). Using the rela-
tionship between the y- and z-coordinates, equation (33)

- yoytog 2D G
£, (y:2) = y-¥y"-2 g5 = 9

the second and third equations of equations (1),

(26)

and proceeding as with lemma I, there is obtained
tan §» _ tan §q
COS Qp  COs QO

B T "
Yo (1+k) + k y3 .,
1 /ten §) tan g\ 2

( -
(1+k) \fos o " Tos a (l+k)\ cos o ~ cos
AN
Thus it is seen for zy and Xy to be independent of z, and consequently

X5s that it is,in general, necessary and sufficient for

cos &, COs Q@ -

ten By tan iy _ o (28)

The pr~of of theorem III is similar to iLat of theorem I. The x;-
coordinate is obtained by using the second equation of equations %2),
and the y.-coordinate is obtaiued oy substituting z. from equation (37)
into equation (33). The coordinates of a second pdint, P5 = (xa,y3,23)

are obtained by using a fourth plane‘with the first and second planes.

8.4.1 Special Case for Determining the Trajectory.

When = and 8y - 8y, then k'—=> 0, giving

_xd - yY :
(ST tan'ml - tan §, cos G- .(59)

Substituting z,, from equation (39), into equetion (33),

w _wm Ly - .
Y191 % tan $l - tan mO tan §) ; (40)
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Substituting z, into the second of equations (2),

1

- 8 -y _ .
X, = 8y + ta= ¥, ~tan i sin a,. (41)

Similar expressions can be written for P, z (x5 yj, 23), & second
point on the trajectory. - 4

8.5 Comment on the Various Methods for Determining the Trajectory.

For the general case, method I requires only two rows of special
detsctors. By special is meant that the detectors are so designed that
when one is activated its positior is known; this is in addition to ob-
serving the time of activatior. The otner two rows of detectors need
observe only the time of passage.

The special cases of methods II and III are identical. These
cases require two coincident rows of specisl detectors for the determin-
ation of each of the two points of the trajectory. This arrangement can
te simplified by designing the detectors to observe in two directions,
which are th= tw:> different angles of ¢ involved. By making the angles
equal in magnitude, vut opposite in sign, the amount of information re-
quired to be analyzed by the computer is reduced. Thus if ¢l = - mo,

' - zﬁ]  sin
=8q " 1A ) Tan %0

| + 1} ‘
Y, 5 (¥2)

v u| cos
= 2 tan %O

for the first determined point P, on the trajectory. If ¢5 = - &2,

»
+—
t

then

o el sno
3 2 2 tan @,

y, = i (43)
. = -8l cos

3 2 tan ¢2
for the second determined point P3 on the trajectory.
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